We explore the physics expected sensitivity at the Large Hadron electron Collider (LHeC) and the Future Circular Collider-hadron electron (FCC-he) to search for the anomalous quartic W W γγ couplings in single W -boson production in association with a photon. We study the process ep →
I. INTRODUCTION
The SU(2) L ×U(1) Y gauge invariant structure of the Standard Model (SM) [1] [2] [3] Hadron Collider (HL-LHC), the High-Energy Large Hadron Collider (HE-LHC) [4] , the Large Hadron electron Collider (LHeC) [5] [6] [7] [8] , the Future Circular Collider-hadron electron (FCC-he) [9] , the International Linear Collider (ILC) [10] , the Compact Linear Collider (CLIC) [11] , the Circular Electron Positron Collider (CEPC) [12] and the Future Circular Collider e + e − (FCC-ee) [13] . All these colliders contemplate in their physics programs the study of the aQGC.
In the last few years, the aQGC production processes and single-W and double-W production in hadron-hadron, lepton-hadron and lepton-lepton colliders in its different collision modes, have attracted the attention because future colliders with high energies, high luminosities and cleaner environments may allow their experimental studies. Such studies are interesting for several reasons. They allow the further independent test of the SM, the quartic W W γγ vertex can be probed and the Higgs boson plays an important role in W W channel.
In this paper, we are interested in estimating limits in the aQGC f M,i and f T,i with i = 0, 1, 2, ...., 7 for the possible energies and luminosities of the LHeC and the FCC-he in its different stages, that is √ s = 1. For an experimental and phenomenological review on the evolution in the measurements of the limits on the aQGC in the context of present and future colliders, such as the LEP at the CERN [14] [15] [16] [17] , D0 and CDF at the Tevatron [18, 19] , ATLAS and CMS at the LHC [20, 21] and in the post-LHC era as the LHeC and the FCC-he [22, 23] , the ILC, the CLIC, the CEPC and the FCC-ee, we invited the reader to review the Refs. , as well as This paper describes searches for the sensitivity physics expected to the measurement of the W W γγ aQGC at the LHeC and the FCC-he using the process ep → e − γ * p → eW γq ′ X.
In section II, we briefly describe the theoretical aspects of the operators in our effective Lagrangian. In Section III, we derive the bounds for the aQGC at the LHeC and the FCC-he. In Section IV, we summarize our conclusions.
II. BRIEF REVIEW OF THE THEORETICAL ASPECTS
In the absence of a specific model of new physics, the Effective Field Theory (EFT) approach is very useful. An EFT parameterizes, in a model-independent way, the low-energy effects of the new physics to be found at higher energies.
With this approach, we start from an EFT to probing model-independent limits on W + W − γγ quartic gauge boson vertex. The EFT approach is the natural way to extend the SM such that the gauge symmetries are respected. In addition, the EFT it is general enough to capture any BSM physics. The EFT yet also provides guidance as to the most likely place to see the effects of new physics.
The measurement of the W W γγ couplings can be made quantitative by introducing a more general W W γγ vertex. For our discussion of phenomenological sensitivities in Section III, we shall use the phenomenological effective Lagrangian which comes from several [58] : A list of these operators is given below.
i) First class of independent scalar operators:
ii) Second class of independent mixed operators:
ii) Third class of independent transverse operators:
in the operators (2) ZZZZ couplings, which do not concern us here. In Refs. [32, 40, 41, [56] [57] [58] , an exhaustive study on the mechanism to build the dimension-8 operators corresponding to the aQGC is presented.
III. CROSS SECTION MEASUREMENTS AT THE LHEC AND THE FCC-HE
The phenomenological investigations at ep colliders generally contain usual deep inelastic scattering reactions where the colliding proton dissociates into partons. Even these reactions have been more examined in the literature, exclusive and semi-elastic processes that are γ * γ * and γ * p have been much less studied. The exclusive and semi-elastic processes have simpler final states with respect to ep processes. Hence, these processes compensate for the advantages of ep processes such as having high center-of-mass energy and high luminosity.
Here, γ * p processes have effective luminosity and much higher energy compared to γ * γ * process. This may be significant because of the high energy dependencies of the cross- The detection of this electron by the forward detectors provides a distinctive signal for γ * p processes. However, LHeC Collaboration has a program of forward physics with extra detectors located in a region between a few tens up to several hundreds of metres from the interaction point [59] .
In this section, the cross section of the ep → e − γ * p → eW γq ′ X signal is evaluated for the 
To optimize the measurement of the electroweak-induced eW γq ′ X signal and improve the electroweak signal significance, we further consider selections on the following variables to suppress backgrounds. A summary of the baseline selection criteria for the kinematics cuts on the final state particles is given below.
i) Selected cuts for the p T :
• p q T > 20 GeV (minimum p T for the jets),
• p γ T > 10 GeV (minimum p T for the photons),
• p l T > 10 GeV (minimum p T for the charged leptons).
ii) Selected cuts for the η:
• |η q | < 5 (max rap for the jets),
• |η γ | < 2.5 (max rap for the photons),
• |η l | < 2.5 (max rap for the charged leptons).
iii) Selected cuts for the ∆R:
• ∆R= 0.4 (min distance between jets),
• ∆R ll = 0.4 (min distance between leptons),
• ∆R γq = 0.4 (min distance between γ and jet),
• ∆R ql = 0.4 (min distance between jet and lepton),
• ∆R γl = 0.4 (min distance between γ and lepton).
As we mentioned above, the kinematic cuts given by Eqs. The future lepton-hadron colliders, such as the LHeC and the FCC-he can be operated as γ * p colliders, in this case the emitted quasi-real photon γ * is scattered with small angles from the beam pipe of e − [63] [64] [65] [66] [67] [68] . These processes can be described by the Equivalent Photon Approximation (EPA) [66, 69, 70] , using the Weizsacker-Williams Approximation. The main idea of EPA is that the electromagnetic interaction of an electron with the complicated field of the proton bunch is replaced by a more simple Compton scattering of this proton with the flux of EPA generated by the electron bunch. For our case, the schematic diagram to the process ep → e − γ * p → eW γq ′ X is given by Fig. 1, and the Feynman diagrams of the subprocess γ * q → W γq ′ are shown in Fig. 2 . In this context, the spectrum of EPA photons is given by [66, 71] :
where x 1 = E γ * 1 /E e and Q 2 max is maximum virtuality of the photon. The minimum value of Q 2 min is:
With all these tools, the total cross sections of the ep → e − γ * p → eW γq ′ X signal at the LHeC and the FCC-he are determined by:
The total cross section of the process ep → e − γ * p → eW γq ′ X, that is In Tables I and II, 
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We perform χ 2 analysis to obtain the limits on the anomalous f M,i /Λ 4 and f T,i /Λ 4 couplings. χ 2 is defined as follows:
where σ SM ( √ s) is the cross section of the SM and σ BSM ( √ s, f M,i /Λ 4 , f T,i /Λ 4 ) is the BSM cross section. δ st = 1 √ N SM is the systematic error and N is the number of events:
Here, we assume the integrated luminosities L int = 10 − 100 fb −1 for the LHeC and L int = 100 − 1000 fb −1 for the FCC-he. Tables III and IV summarize TeV and √ s = 5.29 TeV given in Table IV Table VI are the most stringent. These limits are also approximately an order of magnitude more stringent than those obtained at the LHeC and the FCC-he through the main ep → e − γ * p → eW γq ′ X → eν l lq ′ X reaction. [22, 23] . Tables I-II. Furthermore, we show in Tables III-VI C.L. both at leptonic and hadronic decay channel of the W -boson. As can be seen in the results, the process gives strong constraints on aQGC limits at high energy region and high luminosities.
In conclusion, we explore the phenomenological aspects of the anomalous W W γγ couplings via the process ep → e − γ * p → eW γq ′ X at the LHeC and the FCC-he. These couplings are defined through a phenomenological effective Lagrangian. The major goal of 
